Just-in-Time Teaching (JiTT) is an instructional strategy involving feedback from students on prelecture activities in order to design in-class activities to build on the continuing feedback from students. We investigate the effectiveness of a JiTT approach, which included in-class concept tests using clickers in an upper-division quantum mechanics course. We analyze student performance on prelecture reading quizzes, in-class clicker questions answered individually, and clicker questions answered after group discussion, and compare those performances with open-ended retention quizzes administered after all instructional activities on the same concepts. In general, compared to the reading quizzes, student performance improved when individual clicker questions were posed after lectures that focused on student difficulties found via electronic feedback. The performance on the clicker questions after group discussion following individual clicker question responses also showed improvement. We discuss some possible reasons for the improved performance at various stages, e.g., from prelecture reading quizzes to postlecture clicker questions, and from individual to group clicker questions.
I. INTRODUCTION
Just-in-Time Teaching (JiTT) is an instructional strategy in which instructors receive feedback from students and use that feedback to tailor instruction [1] . Typically, students complete an electronic prelecture assignment in which they give feedback to the instructor regarding any difficulties they have had with the assigned reading material, lecture videos, and/or other self-paced instructional tools. The instructor then reviews student feedback before class and makes adjustments to the in-class activities. For example, during class, the instructor can focus on student difficulties found via electronic feedback. Students may engage in discussions with the instructor and with their classmates, and the instructor may then adjust the next prelecture assignment based on the progress made during class. When JiTT was first conceived in the late 1990s [1] , the required internet technology for electronic feedback was still evolving; developments in digital technology since then have continued to make electronic feedback from students and the JiTT approach easier to implement in classes.
It has been hypothesized that JiTT may help students learn better because out-of-class activities cause students to engage with and reflect on the parts of the instructional material they find challenging [1] . For example, when the instructor focuses on student difficulties in lecture which were found via electronic feedback before class, it may create a "time for telling" [2] particularly because students may be "primed to learn" better when they come to class if they have struggled with the material during prelecture activities. Although prior studies have shown that the JiTT strategy may be effective for helping introductory students develop expertise in introductory physics [1, 3] , the use of JiTT with students in upper-division courses has received less attention.
The JiTT approach is often used in combination with peer discussion in the classroom [1] . Peer collaboration has been used in many instructional settings in physics classes, and with various types and levels of student populations [ [4] [5] [6] [7] [8] [9] . Although the details of the implementation vary, students can learn from each other in many different environments. Integration of peer interaction with lectures has been popularized in the physics community by Mazur [4] . In Mazur's approach, the instructor poses concrete conceptual problems in the form of conceptual multiplechoice clicker questions to students throughout the lecture and students discuss their responses with their peers. In addition to Mazur's approach, Heller et al. have shown that collaborative problem solving with peers in the context of quantitative "context-rich" problems is valuable both for learning physics and for developing effective problem solving strategies [5] .
One framework for explaining why the JiTT approach and peer discussion are effective learning strategies is the cognitive apprenticeship model. According to the cognitive apprenticeship model, students can learn effectively if the instructional design involves three essential components:
"modeling," "coaching and scaffolding," and "weaning" [10] . In this approach, modeling means that the instructor demonstrates and exemplifies the skills that students should learn (e.g., how to solve physics problems systematically). Coaching and scaffolding means that students receive appropriate guidance and support as they actively engage in learning the skills necessary for good performance. Weaning means gradually reducing the support and feedback to help students develop self-reliance.
In traditional physics instruction, especially at the college level, there is often a lack of coaching and scaffolding [11, 12] . The situation is often akin to a piano instructor demonstrating for the students how to play the piano and then asking students to go home and practice. The lack of prompt feedback and scaffolding can be detrimental to learning. JiTT gives instructors the opportunity to receive student feedback on their difficulties and adjust their in-class activities accordingly, providing students with the necessary coaching and scaffolding to help them learn. Peer discussion also provides students an opportunity for being coached by peers who may even be able to discern their difficulties better than the instructor, and carefully designed targeted feedback from the instructor after the peer discussion can provide appropriate scaffolding.
It has been proposed that peer discussion may positively affect students' self-efficacy, which is defined as students' belief in their ability to succeed in accomplishing a given goal or task [8] . Likewise, students' self-efficacy may also play a role in how students participate in peer discussion and how much they benefit from it. Miller et al. have shown that low self-reported self-efficacy may play an even greater role than their course performance up to that point in predicting how likely students are to switch their response to a clicker question from right to wrong after discussion with their peers [9] . It will be useful to investigate similar issues in upper-level courses using similar surveys.
Here, we discuss the findings of an investigation in a quantum mechanics course which employed a JiTT strategy including peer instruction with clickers as part of the inclass instruction. Learning quantum mechanics is challenging even for advanced students, partly because the subject matter is nonintuitive and abstract. Some investigations have focused on the difficulties upper-level students have with quantum physics [13] [14] [15] [16] [17] [18] and how to help them learn quantum mechanics better [19] [20] [21] [22] . In this case study, we compare students' performance on prelecture reading quizzes, in-class conceptual clicker questions (concept tests) answered individually after lecture focusing on student difficulties, clicker questions answered after peer discussion, and open-ended retention quizzes given during a later class session after all relevant instruction on the particular topic. We then discuss some possible interpretations and implications of the findings to aid future research involving pedagogical interventions of similar type.
II. MOTIVATION, RESEARCH QUESTIONS, AND APPROACH TO ADDRESS THEM
Prior research on student learning in upper-division quantum mechanics courses suggests that students in these courses share some of the same characteristics as students in an introductory course in classical mechanics [23] . The diversity in student preparation and goals for majoring in physics has increased significantly, and advanced students in physics courses vary in their prior knowledge, skills, motivation, and self-efficacy in a manner similar to students in introductory physics courses [23] [24] [25] . Many students in advanced physics courses often struggle to develop a basic grasp of concepts, and they are not necessarily self-regulated learners [26, 27] , as some instructors might expect. They need the help of research-based teaching and learning strategies in order to repair, organize, and extend their knowledge structures and develop useful problem solving and reasoning skills. Moreover, the paradigm of quantum mechanics is significantly different from the classical paradigm that advanced students are familiar with and which is more intuitive. This paradigm shift introduces an additional obstacle in learning quantum mechanics unlike learning in the other advanced physics courses [23] .
With this in mind, it is useful to understand how advanced students in a quantum mechanics (QM) course respond to pedagogical intervention that involves continuing feedback and active learning strategies in the classroom. The JiTT approach and in-class clicker questions involving peer instruction were implemented in an upperdivision QM course in order to help students develop a robust knowledge structure of QM concepts while also helping them learn reasoning and metacognitive skills.
The study was designed to investigate the following research questions:
(1) How do students in an advanced undergraduate QM course perform in "reading" quizzes administered right after a prelecture reading of the topics in the textbook (before in-class activities focusing on the concepts)? (2) How effective are lectures focusing on student difficulties in improving students' performance on questions involving various QM concepts, as measured by their performance on clicker questions given after lecture on those concepts but before discussion with their peers? (3) Does peer discussion lead to better performance on the questions involving various QM concepts, as measured by students' performance on clicker questions after discussion with their peers? (4) How do students perform after all relevant instruction on a particular topic, as evidenced by their performance on open-ended retention quizzes on those topics given later in the course? (5) Are students' learning gains significantly larger after any particular learning activity than others? (6) What are some of the most challenging concepts for students who had this intervention, and what strategies in the instructional sequence appear to be effective in helping students overcome their difficulties? (7) Is there a correlation between advanced students' reported self-efficacy on a self-efficacy survey and their tendency to switch from an initially correct response on an in-class clicker question to an incorrect response on the clicker question after peer discussion? (8) Are students equally likely to not respond to in-class clicker questions at the beginning of the semester and later in the semester? In order to investigate these questions, we compare students' performance on prelecture quizzes administered in multiple-choice format with their performance on identical clicker questions given first after lecture only and then again after peer discussion. We also compare these findings with students' performance on questions in openended retention quizzes focusing on similar topics that were given several times throughout the semester after all instruction in relevant concepts. We then focus on students' average performance on individual topics in QM after each learning activity in the instructional sequence in order to identify the concepts that are challenging for students and whether students' learning gains are significantly larger after a particular learning activity in the instructional intervention. We then discuss issues related to the correlation between students' self-efficacy and how students switch their responses between individual and group concept tests. Finally, we discuss some possible interpretations and implications of these findings to help future research to improve student learning with interventions of similar type.
III. METHODOLOGY A. Instructional design and implementation
A JiTT strategy was implemented in an upper-division (junior-senior level) undergraduate quantum mechanics course taught at a large state-related research university. The course, which consisted of 20 students and met on Mondays, Wednesdays, and Fridays, was an advanced elective course mainly for physics juniors and seniors and focused on topics such as the hydrogen atom, identical particles, quantum statistical mechanics, time-independent and time-dependent perturbation theory, and other approximate methods for solving the time-independent Schrödinger equation (TISE). In addition to the traditional textbook homework problems assigned weekly on the material that was already discussed in the class, students were also assigned weekly prelecture reading from the textbook by Griffiths [28] as homework on the material not yet discussed in the class. In their "reflective homework assignment" on the prelecture reading, they were asked to first summarize the assigned reading from the textbook in their own words focusing on the concepts and then identify the parts of the material they found challenging. Students electronically submitted to the instructor their written summaries of the pre-lecture reading and their feedback on the material they found challenging on the course website before the class. Participation in reflective homework assignments was generally good (the percentage of students completing the reading assignments each week was always greater than 75%). The reflective homework was graded for completeness, unlike the textbook homework problems from the previous week's material, which were graded for correctness. The instructor read students' reported difficulties and tailored the in-class lecture and concept tests to address the challenges identified by the students.
Each week, the students were administered a multiplechoice reading quiz (RQ) on Wednesdays at the beginning of the class soon after they had submitted the prelecture reading assignment but before any in-class lecture on the subject. In the RQ, students were typically given 10 multiple-choice questions to answer in 15 minutes. They were not allowed to consult their textbooks or class notes (or any other resource) while taking the quizzes. The time was sufficient for all students to complete the RQs. The students were not told the correct responses after they were administered the RQs. Student performance on the prelecture RQs was used to answer research question 1.
After lecture, which focused on student difficulties identified in the prelecture reading assignment, students were given a multiple-choice individual concept test (ICT) using clickers which repeated verbatim many of the questions from the reading quizzes. Students answered these individually without discussing them with a peer. The ICTs were given on the days when the RQ was not given. Since RQs were typically given on Wednesdays, ICTs were typically given on Mondays and Fridays. Student performance on ICTs compared to RQs was used to answer research question 2.
After answering the ICT, students were encouraged to discuss the questions in groups of two or three for 1-2 minutes and were told to try and convince their peers about why the response they chose was correct. Students were not shown a histogram with the distribution of student responses after the ICT. After peer discussion, each student individually answered the same clicker questions again. We refer to these clicker questions following peer discussion as the group concept test (GCT). Students' performance on GCTs was compared with their performance on ICTs to answer research question 3. After each GCT clicker response, there was a general discussion about each question as a whole class.
After the first week of classes, students typically settled down in a fixed seat in the class and they usually discussed the clicker questions with the same one or two peers seated next to them throughout the semester before the GCT. We therefore divided the 20 students into nine groups based on their usual collaborations in the class during clicker questions, which we refer to as groups A-I. We will use these group identifiers to investigate the effectiveness of peer discussions in different groups.
Students were also given open-ended retention quizzes, referred to as open quizzes (OQs), to evaluate their learning after all activities related to a particular concept were completed (e.g., reflective homework, reading quizzes, clicker questions, whole class discussions, traditional textbook homework, and other out-of-class studying). These OQs were given several weeks after the same concepts were covered in prelecture reading, RQs, lectures, ICTs, GCTs, class discussions after GCTs and textbook homework. Students were told about the OQs at least a week ahead of time. A total of five OQs, which typically consisted of 8-10 questions in a free-response format, were given throughout the semester. Students' performance on OQs was analyzed to answer research question 4.
The RQ, ICT, GCT, and OQ questions were developed over a period of more than ten years using an iterative approach of development and evaluation. In particular, the questions were administered to students and faculty members, and went through multiple revisions based on both student and instructor feedback. The OQs together constituted about 4.5% of the students' grade and these OQ questions were graded for correctness. By comparison, the RQs and clicker questions counted as a bonus 5% added to the students' total grade, which comprised a 2.5% bonus for RQs and 2.5% bonus for clicker questions. Moreover, students were given 80% of the possible points on the RQ, ICT, and GCT for participating and 100% for answering the question correctly so there was less explicit incentive to be correct on these assessments compared to OQs.
After the first six weeks of the 14 week long course, the instructor was concerned about the amount of time left to cover all the remaining material. Therefore, from then on, the students were only given the clicker questions as GCT and asked to convince their peers of their reasoning immediately after the question was posed. Also, in the first six weeks, when students performed well on an ICT question as judged by the instructor (which typically meant that they scored above 75%), they were not given the corresponding GCT question. This occurred for seven of the 42 clicker questions given during the first six weeks of the course. These seven questions can be found in Appendix B. The remaining 35 clicker questions were given as both ICTs and GCTs. Eighteen of the clicker questions were most closely matched with free-response questions found in the OQs and were chosen for comparison in this study (since we wanted to evaluate the retention of the concepts learned a few weeks after all learning activities related to a particular concept were over). These questions, which are representative of the various QM topics covered in the first six weeks of the course with RQs, ICTs, and GCTs, will be referred to as comparison questions in this paper (see Appendix A).
B. Data analysis
We took into account the possibility of guessing while grading the multiple-choice questions [29] . Although a one-to-one comparison of the multiple-choice questions with the corresponding open-ended OQ questions is not possible on the same scale, a qualitative comparison between the students' performance on OQ questions and on the multiple-choice clicker questions (RQ, ICT, and GCT) can be made after accounting for guessing. This qualitative comparison of the OQ scores with students' scores on earlier learning activities can provide some insight into robustness of student learning. However, we should keep in mind that students may perform poorly on an open-ended question because they may not have deep understanding to generate a response even though they can recognize the concept in the multiple-choice format. On the other hand, students may perform worse on a multiplechoice question if the alternative choices focus on common student difficulties. Thus, a comparison of RQ, ICT, and GCT with OQ cannot be taken as a one-to-one comparison on the same scale.
Guessing can occur on the multiple-choice clicker questions but is unlikely to occur on the open-ended questions in OQ since students had to generate their responses in the latter situation. Therefore, the multiplechoice questions were scored using a percentage of maximum possible or POMP technique described below in order to account for the possibility of guessing [29] . We used POMP scores to answer research questions 1-3 and for a qualitative comparison with OQ scores in order to answer research questions 4 and 5.
When considering how individual students performed on all of the comparison questions, Individual POMP Scores [29] in percent were calculated for each question using the following formula: Individual POMP score in percent ¼ ðindividual% − guessing%Þ ð100% − guessing%Þ × 100.
In this example, the "individual %" is either 100% if the student selected one of the correct options or 0% if the student did not select one of the correct options. The "guessing %" corresponds to the probability that the student would guess one of the correct responses.
As an example, consider the following multiple-choice question:
I. Choose all of the following statements that are correct according to Hund's rules:
(1) The state with the highest total spin (S) will have the lowest energy.
(2) The state with the highest total spin (S) will have the highest energy.
(3) The state with the highest total orbital angular momentum (L), consistent with overall symmetrization, will have the lowest energy.
A (1) based on whether the students selected either option A or option D, indicating that they agreed with statement (1). The guessing % in this case (for correctness of statement (1) only) is 2=5 or 40% (option A or D out of the five options). Using the example shown above for a particular student, suppose a student chose option E. Since they did not select either option A or D, their individual % will be 0% (without POMP). The student's corresponding individual POMP score will then be ð0% − 40%Þ=ð100% − 40%Þ × 100% ¼ −66.6%. If the student had instead chosen option A or D, their individual POMP score would be 100% (same as their score without POMP). For each student, the individual POMP scores for all 18 comparison questions were averaged together (i.e., the sum of their individual POMP scores for the questions was divided by 18) to determine each student's overall individual POMP score that accounts for guessing [29] .
When considering how all students in the class performed on average on a given question, an average POMP score in percent was calculated for each question by taking the average of the students' individual POMP scores for that question [29] . An average POMP score near 100% would indicate that most of the students selected the option with the correct statement. An average POMP score around 0% would indicate that, on average, the students were guessing on the question. A negative average POMP score would indicate that, on average, students were deliberately choosing incorrect responses over correct ones, possibly due to alternative conceptions associated with the topic.
In the OQ after all learning activities related to the concepts, questions were graded as either correct or incorrect based upon the students' responses (no partial credit). Agreement of greater than 90% was reached between two raters for all questions. If an open-ended question asked for more than what was asked for in the multiple-choice questions used in RQ, ICT, and GCT, we only graded the correctness of the OQ response for each student based upon the equivalent elements of the corresponding multiple-choice question (see Appendix A). Typically, the average OQ scores and POMP scores will both be high when the students know the correct responses and will both be low when students are guessing on both. However, if students are systematically choosing distractor options they may have a negative average POMP score but they cannot have a negative average OQ score, so the comparison between the two formats is not on the same scale even with the POMP adjustments. While the quantitative features of our findings depend on whether the scores are unadjusted or adjusted via a POMP technique, the qualitative features are similar for both unadjusted and POMP scores. Here, we report findings involving POMP scores.
As an example, in one of the OQ questions, the students are asked to state Hund's rule used for determining total spin angular momentum quantum number S for the ground state of multielectron atoms. Students who responded that the state with the highest total spin S will have the lowest energy were counted as correct. This OQ question and the corresponding multiple-choice RQ/ICT/GCT questions are collectively referred to as question I in the discussion below. The comparison questions discussed in this research cover the following topics and are given in Appendix A:
(I) Hund's rule for total spin (S). state for a given perturbing HamiltonianĤ 0 ? (XV) Is an eigenstate jci corresponding to a nondegenerate subspace ofĤ o necessarily a "good" state for a given perturbing HamiltonianĤ 0 ? (XVI) Can one use the coupled representation jn; l; s; j; m j i (the notation is standard) when calculating 1st-order energy corrections to a hydrogen atom energy spectrum due to a perturbing HamiltonianĤ 0 ¼ αL z ? (XVII) Can one use the coupled representation jn; l; s; j; m j i (the notation is standard) when calculating 1st-order energy corrections to a hydrogen atom energy spectrum due to a perturbing HamiltonianĤ 0 ¼ αδðrÞ? (XVIII) Can one use the coupled representation jn; l; s; j; m j i (the notation is standard) when calculating 1st-order energy corrections to a hydrogen atom energy spectrum due to a perturbing HamiltonianĤ 0 ¼ αĴ z ? In order to investigate research question 6, we compared students' average performance on the RQ, ICT, GCT for each of the 18 comparison question topics using the average POMP score for each question.
In addition, the students in this study were given a selfefficacy (S.E.) survey at the end of the semester which was the survey given by Miller et al. [9] adapted for QM. This survey asked students to rate how strongly they agreed or disagreed with 16 statements involving their perceived ability to perform the course activities [9] . For example, one of the questions adapted from Miller et al.'s survey states, "I am usually confident that I can convince my neighbor of my answer to a quantum mechanics concept test (clicker question)." Students were then asked to select whether they (5) strongly agree, (4) agree, (3) neither agree nor disagree, (2) disagree, or (1) strongly disagree with each statement. The responses were then scored on a scale of 1 to 5 points, where 5 points were given for a response corresponding to the greatest self-efficacy while 1 point was given for a response corresponding to the least selfefficacy. An average self-efficacy score was then determined for each student by averaging the points assigned to the students' responses on each question. A higher score corresponds to a higher reported self-efficacy [9] . We then determined the frequency with which each individual student switched from a correct response on the ICT to an incorrect response on the GCT after peer discussion using the following equation:
The students' switching frequencies were then matched with their reported S.E. score in order to investigate research question 7. In addition to switching frequencies, the number of times each student didn't respond to clicker questions when the student was present in class was determined for each week of instruction in order to answer research question 8. The attendance in class was generally very good (typically greater than 80%) throughout the semester.
IV. RESULTS

A. Results by student over the course of the semester
The overall individual POMP scores on the RQ, ICT, and GCT for all 18 comparison questions were averaged over all students. These average scores, as well as the students' average scores on the comparison questions in the OQs, are shown in Table I . Overall, there is an upward trend from RQ to ICT and from ICT to GCT. In Table I , average scores on OQ are indicated with decimals (out of a total score of 1) rather than percentages to highlight the difference in scoring for the open-ended questions. The average performance levels off from GCT to OQ. Median scores for the RQ, ICT, GCT, and OQ are also shown in Table I , and the same trend is observed with the medians as with the averages. In response to research question 1, students on average scored 20% on the RQ administered soon after they completed the prelecture reading assignment.
A comparison of the individual students' average performance on the RQ vs the ICT for the comparison questions is shown in Fig. 1 . The symbols labeled A-I are chosen to represent the groups in which the students collaborated after the ICT to answer the GCT, e.g., students denoted by a dark blue circle worked in the same group A after ICT. While students did not work in groups to answer RQs or ICTs, it is useful to represent the members of different groups by different symbols in order to keep track of the student groups for future comparison and discussion. Students on average improved on the ICT (48% average) administered after lecture compared to the RQ immediately after completing the prelecture reading assignment (20% average). Comparison between RQ and ICT using a t test showed that the difference between the means was significant (p ¼ 0.004). On an individual basis, some students exhibited high gains from the RQ to ICT (e.g., the two students represented by green triangles), while other students on average showed no improvement or even a decline in their scores. There was a noticeable decline in the ICT performance vs RQ performance for two students (represented by the pink diamond and purple triangle near the bottom right corner). One possible reason for this decline may be that these students were mostly guessing on the RQ and got lucky in their responses. Another possibility is that these students did some cramming just before the RQ (on Wednesdays) when they turned in their reflective homework for that week but then forgot many of the concepts they had studied by the time they took the ICT (either Friday or next Monday). In response to our research question 2 ("How effective are the lectures focusing on student difficulties in improving students' performance on various QM concepts?"), on average, students' improvement in performance from RQ to ICT was statistically significant with p ¼ 0.004. Figure 2 shows a comparison of average student performances on the GCT vs the ICT. On average, students showed significant improvement from the ICT to GCT clicker questions after discussing the questions with their classmates (p ¼ 0.009). In answer to research question 3 ("Does peer discussion lead to better performance on QM concepts as measured by students' performance on clicker questions after discussion with their peers?"), Fig. 2 shows that a few of the groups were more productive in their collaborations than the others as measured by the group members' GCT performance compared to their ICT performance. In many of the groups, all group members showed improvement after discussing the questions, as indicated by the symbols located above the diagonal line. However, sometimes the benefits of collaboration as measured by GCT scores appeared to be one-way, with a potentially stronger student helping a weaker student. In group A, for example, one of the students performed better on the ICT questions than the other, but both members performed well on the GCT after their discussion. The discussions, in general, appear to have had a positive effect on the student who had a lower performance in the ICT. Additionally, Fig. 2 shows that for some groups, one of the members showed no improvement or even deteriorated after the discussions. In such a case, the group discussions could be considered ineffective for that student based on the comparison of ICT and GCT scores. This situation was observed with group F (represented by orange circles).
A comparison of students' average GCT and OQ scores for all comparison questions is shown in Fig. 3 . This plot suggests that most students performed relatively well on the OQ, regardless of how they performed on the same topics on the GCT. Indeed, the Pearson correlation coefficient R 2 ¼ 0.045 between GCT and OQ suggests that students' performance on the GCT was not correlated with their performance on the OQ. In response to research question 4 ("How do students perform after all relevant instruction, as evidenced by their performance on open-ended quizzes given later in the course?"), the average student performance on the OQ was 0.78 (as noted, OQ score is written as a decimal instead of a percentage to highlight its openended format). The reasonably high OQ score indicates that the lectures, class discussions that followed the ICT, and all other learning activities such as homework and self-study that students may have done in the intervening time had a cumulative positive effect on performance on the OQ. students' performance on the RQ was not correlated with their performance on the OQ. In response to research question 5 ("Are the students' learning gains significantly larger after any particular learning activity?"), Figs. 1-4 suggest that there was no single learning activity that led to maximum learning gains for all students.
B. Results by topic
We now consider the average performance of all students taken together on individual topics. By considering data by topic, we can identify the concepts that were particularly difficult and investigate research question 6. Figure 5 shows the average ICT vs RQ scores for all comparison questions listed in Sec. III B. Each data point represents the average POMP score on a particular question. Figure 5 shows that students performed better on the ICT than on the RQ for most questions, although there were a few questions for which the scores either did not improve or declined from RQ to ICT. Figure 5 also shows that students improved greatly on some questions, e.g., question XV related to degenerate time-independent perturbation theory, which asks students to identify whether an eigenstate of the unperturbed HamiltonianĤ o that is not part of a degenerate subspace ofĤ o is a "good" state for finding first-order corrections to energy due to the perturbing HamiltonianĤ 0 . The only topic for which students performed worse on average on the ICT vs the RQ is question XIII, which asks students ifĤ o andĤ 0 must necessarily commute given that they both commute with another Hermitian operatorÂ. It appears that the lecture focusing on student difficulties was not very helpful in improving student understanding of this topic. (Note that questions III, IV, and V do not appear in Fig. 5 because there was no RQ for those questions.) Figure 6 compares the average performances for each comparison question on the GCT vs the ICT. Each data point represents the average POMP score on a particular question. The students on average showed improvement for most of the questions after discussion with their peers. There was one question, however, for which peer discussions did not appear to be helpful: question III, which asks students to determine the probability of finding an electron in a hydrogen atom at a distance between r and r þ dr from the nucleus of the atom. This question is an example of a synthesis problem which is high on Bloom's taxonomy [30] . In particular, question III involves synthesis of mathematical knowledge with knowledge of quantum physics. (Note that questions XII, XVI, XVII, and XVIII do not appear in Fig. 6 because there was no GCT for those questions.) Figure 7 plots the average performances (averaged over all students) on each comparison question for the OQ vs GCT. The Pearson correlation coefficient R 2 ¼ 0.008 indicates that there was no correlation between the performance on the GCT and the performance on the OQ. In particular, students performed reasonably well on most questions on the OQ regardless of how well they performed on the GCT for the same topic. (Note that questions XII, XVI, XVII, and XVIII do not appear in Fig. 7 because there was no GCT for those questions.)
Finally, Fig. 8 compares the average performances (averaged over all students) on each comparison question for the RQ vs the OQ. A correlation coefficient R 2 ¼ 0.015 indicates that there was no correlation between the performance on the RQ and the performance on the same topic on the OQ. In general, students benefitted from a variety of activities including lectures focusing on their difficulties, clicker questions and peer discussions, general class discussion after each clicker question, reflective and traditional homework assignments, etc. Figure 8 shows that students performed very well on OQ on topics such as those involved in answering question I, which asks students to state the Hund's rule for determining the ground state spin configuration for a multielectron atom, i.e., the total spin angular momentum quantum number S is highest in the ground state. (Note that questions III, IV, and V do not appear in Fig. 8 because there was no RQ for those questions.)
C. Peer Instruction and clicker related results
In this section we will present some noteworthy findings related to students' use of clickers in the advanced quantum mechanics class. These findings were used to answer research questions 7 and 8. We first define that "coconstruction" of knowledge occurs when neither student who engaged in the peer interaction was able to answer the questions before the interaction, but both were able to answer them after working with a peer. In order to investigate whether co-construction of knowledge takes place, we analyzed performance of students on GCT depending upon the ICT performance of the peers in each group for all questions. Row 1 (with data) in Table II represents the situation in which all group members answered an ICT incorrectly and shows the percentages of all clicker questions for which all group members answered the corresponding GCT incorrectly (column 1 with data), one group member answered incorrectly (column 2 with data), and all group members answered correctly (column 3 with data). For example, row 1 (with data) in Table II shows that when all group members answered an ICT incorrectly they all answered the corresponding GCT correctly (i.e., they "co-constructed" knowledge) 31% of the time. Row 2 (with data) in Table II shows that when only one group member answered an ICT correctly, all group members answered a GCT correctly 77% of the time. Row 3 (with data) shows that when all group members answered an ICT correctly, all of them answered the corresponding GCT correctly 98% of the time.
Students in the QM course sometimes responded correctly to the ICT but then responded incorrectly to the corresponding GCT. Figure 9 shows a comparison of the fraction of times each student switched from a correct response on the ICT to an incorrect response on the GCT vs each student's reported self-efficacy (S.E.) score on the S.E. survey [9] administered at the end of the course. In other words, the y axis shows the number of correct ICT responses that were switched to incorrect GCT responses divided by the total number of correct ICT responses in percent for each student. Each data point in Fig. 9 represents an individual student, and colors denote the group to which the students belonged while discussing clicker questions. In response to Research Question 7 ("Is there a correlation between students' reported selfefficacy and their tendency to switch from an initially correct response on an in-class clicker question to an incorrect response after peer discussion?"), Fig. 9 shows that there was no statistically significant correlation between higher S.E. score and a lower tendency to switch from the correct to incorrect answer on clicker questions after discussion with peers (p ¼ 0.157). The Pearson correlation coefficient (R 2 ¼ 0.114) in our study was comparable to that found in a prior study on self-efficacy in introductory physics [9] . However, since the number of students was large in introductory physics, the correlation was statistically significant in that study (unlike in this study). Also, the correlation between students' S.E. scores and their performance on the final exam (R 2 ¼ 0.091) in our study is not statistically significant (p ¼ 0.210). On the other hand, when we compare the fraction of times students switched from correct ICT to incorrect GCT with each students' performance on the final exam, the correlation (R 2 ¼ 0.255) between the two is negative and is statistically significant (p ¼ 0.028).
We also compared students' average gains from the ICT to GCT for each of the first six weeks of class discussion, as shown in Fig. 10 . We hypothesized that in addition to students having a better understanding of the group discussion protocol over time, student groups may become more cohesive and their discussions more productive as the semester goes, resulting in larger gains from ICT to GCT. Figure 10 shows that for the first five weeks of the course, FIG. 9 . The number of times each student switched from a correct ICT response to an incorrect GCT response divided by the total number of correct ICT responses for that student (×100%) vs each student's self-efficacy score. The average standard error for S.E. score was AE0.086, and for percentage of correct ICT switched to incorrect GCT was AE2.30%.
FIG. 10. (GCT-ICT)
for each week of instruction (averaged over all students and all questions for that week). The average standard error was AE8.56%. the students on average improved more from ICT to GCT each week than they had in the previous week. We find that the increase in the amount of improvement in later weeks was due to a combination of more occurrences of coconstruction of knowledge and fewer instances of switching from correct ICT to incorrect GCT. One possible reason for the dip in Fig. 10 in week 6 may be the difficulty associated with the concept of degenerate perturbation theory which was the focus. Sometimes, a student who was present in class would not respond to one or more of the clicker questions, a trend that was more pronounced in the GCT than ICT. In particular, for a given student, the cumulative nonresponse rates for the entire semester was generally higher on the GCT than on the ICT. Since students received 80% of the points for participation and clicker responses are anonymous, it seems unlikely that they would not respond to a clicker question due to being unsure about the correct answer. Except for the first few weeks when students were still getting used to the various components of peer interaction (including familiarizing themselves with their peers and the instructor), we observed that most students participated in lively discussions with their peers after every ICT and then clicked for the GCT within the 1-2 minutes allotted for that discussion. One hypothesis for not clicking for the GCT (despite clicking for the ICT) is that students sometimes forgot to click for the GCT, e.g., due to being distracted by their discussion with their peers or not being used to peer discussion or not being used to the manner in which the instructor asked them to discuss their responses with their peers before the GCT. When students disagree with their peers about their responses in group discussion and get distracted in the heat of the discussion, the probability of not clicking increases. While other reasons are possible, this hypothesis is one that could result in a higher nonresponse rate on the GCT compared to the ICT. Figure 11 shows a comparison of how likely individual students were to not respond on the ICT vs the GCT. It shows the number of nonresponses on ICT and GCT questions for each student as a percentage of the total number of clicker questions given when the student was present. Each data point on the plot represents a particular student's nonresponse percentage; e.g., the number of a student's nonresponses on GCT divided by the total number of times the students had the opportunity to answer a GCT clicker question along the vertical axis. We did not count nonresponses for students who were absent on a particular day. As noted earlier, the attendance was typically greater than 80%. Figure 11 suggests that while a student who was more likely to not respond to ICT was also more likely to not respond to GCT, there was an overall tendency for most students to not respond to GCT more often than ICT. Figure 12 shows the average nonresponse percentage for the whole class for each week of instruction. In response to research question 8 ("Are students equally likely to respond to in-class clicker questions at the beginning of the semester and later in the semester?"), Fig. 12 indicates that the first two weeks of the course had much higher nonresponse rates on both the ICT and GCT. However, the nonresponse rates declined greatly after the first two weeks of the course and stayed low for the rest of the course. A missed response to a clicker question is only counted as a nonresponse if the student was present in the classroom when the clicker question was given. There were roughly the same number of clicker questions (∼6) given each week. It is possible that students needed time to familiarize themselves with the in-class clicker question procedures and with their peers FIG. 11 . The x axis denotes the number of times each student did not respond to an ICT divided by the number of ICT the student had the opportunity to answer ×100%; the y axis denotes the number of times each student did not respond to a GCT divided by the number of GCT the student had the opportunity to answer ×100% for each student. The average standard error for missed ICT percentage was AE1.19% and for missed GCT percentage was AE1.36%.
FIG. 12. Student nonresponse on ICT (blue) and GCT (red) as a percentage of total possible responses per week of instruction.
The average standard error was AE2.79% for ICT and AE3.86% for GCT. and develop the habit of regularly clicking in response to all clicker questions posed. Moreover, Fig. 12 is consistent with Fig. 11 in terms of the nonresponse rates being higher on average for the GCT than for the ICT.
V. DISCUSSION AND IMPLICATIONS
While the use of the JiTT approach at the introductory level has been a subject of prior studies [1, 3] , studies have not investigated its effectiveness when used in advanced courses such as quantum mechanics. Prior research suggests that similar to introductory mechanics, there is a large diversity both in the content knowledge and in the reasoning and self-regulatory skills of upper-level physics students in quantum mechanics [23] . The use of approaches that have been found effective at the introductory level may also be beneficial for advanced students in a quantum mechanics course. Our research suggests that lectures focusing on student difficulties, which were used in this case study as part of the JiTT-based instructional approach, resulted in improved performance on the ICT compared to the RQ for some students, but they were not sufficient for helping all students in the quantum mechanics course to have a time for telling [2] . Different students apparently experienced their time for telling at different stages of the instructional sequence and showed improved performance. However, a majority of students showed improved performance on various concepts at some point of time in the instructional design. Since the findings of this study suggest that an instructional design involving a variety of learning activities (including a JiTT approach and use of clicker questions with peer discussion) can lead to improvements in the performance of many advanced students in a QM course at different times, a related issue involves contemplating whether more students can be provided scaffolding support to learn and show improved performance earlier than they actually did. Instructors often work under tight time constraints to cover all of the relevant course materials. Learning activities which help a majority of students to have a time for telling as early as possible in an instructional sequence would be valuable since the later activities can be used to reinforce students' prior learning and help them apply learned concepts in diverse situations.
We now discuss some possible interpretations of some of the findings and implications for future research and pedagogical intervention.
(1) The pre-lecture JiTT activities did not sufficiently "prime" all students to learn from the lecture: Research by Schwartz et al. suggests that students who engage with learning materials in a deep and reflective manner are likely to be primed for future learning even via lectures [31] . Schwartz et al. have proposed invention tasks to prepare students for future learning via lecture because after their productive struggle students may be ready to learn from an instructor's lecture [31] . Also, research suggests that students who went through a productive failure cycle, in which they worked in groups to solve complex illstructured math problems without any scaffolding support, struggled to learn before a consolidation lecture by the instructor. However, those students significantly outperformed the students who did not struggle with the ill-structured problems before lectures [32] .
It appears that the out-of-class activities in our investigation did not prepare all students sufficiently for future learning in the classroom setting. The average scores went from 20% on RQ to 48% on ICT after lectures specifically focusing on student difficulties. It is possible that the prelecture reading assignments did not cause some students to struggle productively, priming them to learn from the lectures and other in-class activities [31, 32] . In their prelecture reading summaries, most students wrote at least a page summarizing what they read but it was unclear from those summaries what they had learned. Moreover, some of the difficulties that the students mentioned electronically about the prelecture reading did not convey deep productive struggle with the reading material. For example, one student wrote the following about his prelecture reading difficulty: "The most challenging part of this reading was definitely the section on degenerate perturbation theory. Perhaps I just need to work through it more, but I still don't feel very clear on why each step was taken." This student did not delve deeply to specify what aspects of degenerate perturbation theory he found challenging, and only noted that he found the topic challenging. Another student wrote the following in their prelecture assignment related to quantum statistical mechanics: "One challenge this section posed is following Griffith's statement of the fundamental assumption of statistical mechanics (In thermal equilibrium, every distinct state with the same total energy, E, is equally probable). Indeed, whenever he suggests that the reader stop and think about what he just said, I can't help but feel like I missed something fundamental. I'm still not entirely sure that I understand why the assumption is a deep one, and it makes me question whether I'm thinking about the correct thing at all." In quantum statistical mechanics, another student noted, "I thought that the most difficult and challenging part was the combinatorics of determining how many ways a distinct configuration can be achieved." Another student wrote, "I found counting the states to be challenging." These students were not the only ones who noted that they found the combinatorics challenging. In fact, 31% of the students mentioned combinatorics or counting states as their difficulty with the chapter on quantum statistical mechanics but they did not provide further elaboration on why it was challenging.
If the prelecture activities were more targeted and created opportunities for students to struggle productively with the material, they may have primed them better for learning from the lecture [31, 32] . In particular, the JiTT approach may be more effective if instructors require students to elaborate more on their responses, which could prompt students to be more cognitively engaged and reflect more deeply on the reading material before class and may better prime them to learn from the lectures. The reading assignment could ask the students more pointed questions, instead of only asking "What did you find challenging?" For example, the assignment could also ask "Why did you find it challenging?" or "Elaborate on the specific challenges you had with it." Students could also be asked to write responses to specific conceptual questions related to the content of the reading. This type of specific questioning may help students to think more concretely about their difficulties and formulate more precise questions for which they would then actively seek answers in class. Another way to promote greater cognitive engagement in class could involve adding a question to each reflective homework assignment asking students what they learned from the in-class activities and how it helped them overcome difficulties with the part of the previous week's reading they found challenging. Knowing that they will need to report on how they overcame their difficulties with each of their prelecture readings might prompt students to be better at self-regulating their learning and be more actively engaged with the lecture, clicker questions and inclass discussions.
(2) Some students lacked sufficient self-monitoring skills and intrinsic motivation to learn: Prior research suggests that even students in advanced quantum mechanics courses often vary in their motivation and in their problem-solving, reasoning, and self-regulation skills [23] . In particular, many advanced students in a quantum mechanics course lack the motivation and self-regulation skills to voluntarily engage with learning materials in a deep and reflective manner. They often focus only on their short term goals rather than on the long term goals such as developing robust knowledge structures and developing problem-solving, reasoning and metacognitive skills. Prior research also suggests that only providing students worked examples is insufficient [33] , and effective approaches to learning involve students engaged in metacognition and self-monitoring while they solve problems [34] [35] [36] .
The homework that was based upon prelecture reading and asked students to summarize what they read and what they found challenging was graded for completeness rather than correctness. This lack of grade incentive for correctness may have reduced the incentive for cognitive engagement with prelecture reading for some students. Providing a grade incentive for correctness may have encouraged those students to be more engaged with instructional activities. Similarly, some students may not have been cognitively engaged in learning from lectures (even though those lectures focused on their difficulties) since the in-class clicker questions were mainly graded for completeness rather than correctness. The grading policy for the reading quizzes and clicker questions was adopted in order to not penalize students for not knowing concepts they had attempted to learn themselves either from the textbook or from the lecture recently. In particular, students were given 80% of the points for answering the clicker questions, even if they were not correct, and 100% for selecting the correct answer. The reading quizzes and clicker questions each counted for a bonus 2.5% to their grade and it was possible for students to get 4 out of 5 points simply by answering the question regardless of whether they were correct or not. While the grading policy was meant to encourage students to try their best on RQs and ICTs, it is possible that students were not reflecting as deeply on the prelecture reading and lecture (even though the lecture focused on their difficulties) as they would have if the grading for the RQ and ICT questions was for correctness instead of participation.
In fact, even graduate-level physics students report less motivation to complete out-of-class assignments if there is no grade incentive. For example, a similar JiTT strategy involving prelecture reading assignments before lectures was recently implemented in a first year graduate-level mathematical methods course in the physics department at the same university where this study took place. In class, the instructor focused on solving some problems on the board based upon the out-of-class reading in the first 30 minutes, and students were asked to work in groups of two in the last 20 minutes. The reading quizzes after prelecture reading were given online and were not graded, but it was suggested that students complete the prelecture quizzes in order to better prepare for the lecture which focused heavily on problem solving. At the end of the course, the students completed a course survey in which they were asked to select one of four statements describing their experience in the course regarding the prelecture reading assignments and quizzes. The percentage of students (out of 16 total students) who selected each statement is shown in parentheses: Indicate which best describes your impression of the flipped course setup:
(A) I usually completed the reading assignments and quiz and felt prepared when the topic was discussed in class. (18.75%) (B) I usually completed the reading assignments but found it difficult to absorb the information well enough to use it in class. (37.5%) (C) I tried to do all the reading assignments, but the lecture notes and book were not very good, and I learned little from them. (12.5%) (D) I often did not have enough time to complete the reading assignments in time. (50%) The percentages add up to 118.75% since some students selected more than one option. The important point here is that less than 20% of the students (3 out of 16) indicated that the reading assignments and quizzes prepared them so that they felt prepared when the topic was discussed in class, while 50% of the students indicated that they often didn't complete the reading assignments.
In the written open-ended comments, some of the graduate students explicitly noted that since there was no grade incentive, the preclass reading assignment was their last priority among all the different things they had to do that week. Without grade incentive, only about half of the first-year physics graduate students took the time to complete the reading assignments even though the instructor specifically counseled them to regard the reading assignments as a valuable learning activity that would prepare them better for learning in class.
Returning to the undergraduates in our study, some students performed well in the OQs even though they did not perform well in the ICTs or GCTs. As mentioned in Sec. III, the OQ questions were graded for correctness, which may have incentivized students to prepare more for them. The grade incentive in conjunction with the homework and other discussions and study activities may partially explain the reasonable performance of most students on OQs.
Moreover, in future interventions, in addition to external motivation provided by grade incentives, students may benefit from instructors making an explicit effort to get student "buy in" at the beginning of the course (and several times during the course) by "framing" the instructional design and the importance of engaging actively with different activities, e.g., having a discussion about why the JiTT approach with peer instruction will help them learn, and why the students have to play a central role in their own learning with the instructor as their coach. An explicit class discussion (and preferably several throughout the course) related to self-efficacy and having a growth mindset rather than a fixed mindset may provide additional support to students to help them focus on learning and set appropriate goals for the course [37] .
(3) Students had greater difficulty with some questions than others due to content involving a synthesis of different concepts. Student performance reached the ceiling for certain questions on the GCT involving simple application of principles, such as question II which concerns Hund's rule for total orbital angular momentum. On the other hand, on average, students performed worse on the GCT after peer discussion than on the ICT on question III, which asked them to determine the probability of finding an electron in a hydrogen atom at a position between r and r þ dr from the nucleus. In future interventions, it may be advantageous to break down such multiple-choice problems that involve a synthesis of mathematic skills and quantum physics concepts (or synthesis of several quantum physics concepts) into separate multiple-choice subproblems (to be posed as ICT and GCT) to make them more manageable for students to think about and discuss with their peers. After students become proficient in the knowledge and skills involved in the subproblems, the original problem that combines them could then be posed as a clicker question.
(4) Reflection on optimizing the benefits of peer discussions: Prior research has shown that, even with minimal guidance from the instructors, students can benefit from peer discussions [6] . In particular, those who worked with peers not only outperformed an equivalent group of students who worked alone on the same task, but collaboration with a peer led to co-construction of knowledge in 29% of the cases [7] . In the present study, students were able to co-construct knowledge so that all members of the group chose the correct response on the GCT for 31% of the clicker questions for which all group members responded incorrectly on the ICT (see Table II ).
Moreover, the comparison of students' performance on the ICT vs the GCT shows that some student groups in QM appeared to benefit more from peer discussions than others. The cause for the differences was not immediately apparent. Consideration of the overall class grades of students in groups that were not as effective does not suggest any obvious academic reasons for the lack of benefit. We are also not aware of whether many of the students who worked together in groups were friends or worked with each other outside of class. Several factors foster productive group discussions. Interaction with peers provides opportunity for clarifying difficulties especially if there are diverse opinions. Also, students who have recently learned the concepts understand other students' difficulties much better than the instructor and may be in a better position to help their peers, but students should be comfortable discussing their thought processes with their peers. In supportive environments, peer interaction generally helps all students since discussing and articulating concepts gives further clarity to thought processes and can help all students develop a better grasp of physics concepts. Also, since learning with peers is embedded in social context, it may be easier to retrieve that knowledge later.
To improve student learning further, investigations in the future can involve active learning using clicker questions and group problem solving for a greater portion of the class (or even the entire class with no lecture) [38] . In particular, in future interventions, the class could start with clicker questions focusing on student difficulties reported in the electronic feedback to the instructor instead of a lecture focusing on those difficulties first. The instructor could then clarify issues after a GCT related to the issue and follow it up with another clicker question. In this modified approach, more time in class would be devoted to clicker questions and peer discussions involving those questions rather than lectures focused on student difficulties. Topics that are easy for students as measured by the RQs could be omitted from clicker questions to save in-class time for discussion of more difficult topics.
VI. SUMMARY
Prior research suggests that students entering an upper-division quantum mechanics course share many characteristics with introductory students in an introductory classical mechanics course [23] . The students vary greatly in their individual prior knowledge, problem-solving skills, mathematical skills, and motivation. Cognitive theory supports that instructors cannot force students to learn. Instead, they can motivate and engage students in the learning process and tailor activities to facilitate learning. The investigation using JiTT and Peer Instruction shows that overall, the instructional intervention led to improved student performance from the RQ to ICT and from the ICT to the GCT. If student performance is taken as the metric, the prelecture readings, lectures based on student difficulties, individual clicker questions and peer discussions varied in their usefulness for different students and for different topics and no single learning activity in the instructional sequence yield maximum learning gains for all students. In order for students in QM courses to maximally benefit from prelecture readings followed by in-class activities that build on the out-of-class activities, it will be useful to consider the suggestions for modifying the instructional intervention discussed in the preceding section in future investigations. Those modifications in the implementation of the instructional sequence may lead to more productive struggle and can better prepare students to have a time for telling [2, 31, 32] .
Analysis of the ICT and GCT shows evidence of coconstruction of knowledge in 31% of the cases. This level of co-construction is comparable to the level of coconstruction previously reported in introductory physics [6] . We also find no significant correlation between higher student self-efficacy and tendency to switch from right to wrong answers in clicker responses after group discussion. In particular, although the Pearson correlation in this investigation was comparable to that found for introductory physics [9] , since the number of students was large in introductory physics, the correlation was statistically significant in that case unlike in this study. Also, we find that the non-response rates on the in-class clicker questions started at or above 15% at the beginning of the semester but tended to decrease in later weeks of the course. One possible reason is that the students needed a few weeks to familiarize themselves with the in-class clicker procedures and group work. In addition, we find that for a given student, the cumulative nonresponse rates for the entire semester was generally higher on the GCT than on the ICT. These higher nonresponse rates on the GCT could partly be due to students disagreeing with their peers about their responses and getting distracted in the heat of the discussion and not clicking. To the best of our knowledge, these nonresponse rates have never been reported in introductory physics.
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APPENDIX A
This is a list of the comparison questions that were administered to the students. Each question is first given as it is found in the RQ, ICT, and GCT in multiple-choice format. In each case, the particular statement we are investigating and the responses corresponding to that statement are in bold. The question is then shown as in the open-ended retention quiz. The fully correct responses for the multiplechoice questions are given at the end of Appendix A. For questions VI-VIII, students were asked to treat the valence electrons within the free-electron gas model.
A. 1 only B. 2 only C. 3 only D. 1 and 3 only E. 2 and 3 only
I. (open-ended quiz) Briefly explain the origin of the Hund's rules used for determining total spin angular momentum quantum number S for the ground state of multielectron atoms.
(Students who said that the state with the highest S will have the lowest energy received credit for this question regardless of how clear their full explanations were.)
II. Choose all of the following statements that are correct according to Hund's rules:
(2) The state with the highest total spin (S) will have the highest energy. (1) The probability of finding the electron between r and rþdr from the nucleus of the atom is 4πr 2 jψ 220 ðr;θÞj 2 dr. (2) The probability of finding the electron between r and r þ dr from the nucleus of the atom is R 2π 0 dϕ R π 0 sin θdθr 2 jψ 220 ðr; θÞj 2 dr: (3) The probability of finding the electron between r and r þ dr from the nucleus of the atom is 2πr III. (open-ended quiz) The wave function for an electron in a hydrogen atom at time t ¼ 0 is ψ 321 ðr; θ; ϕÞ ¼ R 32 ðrÞ · Y 1 2 ðθ; ϕÞ. What is the probability of finding the electron between r and r þ dr from the nucleus of the atom?
(Students who wrote a correct expression in terms of R 32 ðrÞ or ψ 321 ðr; θ; ϕÞ received credit for this question.)
IV. Choose all of the following statements that are true about the helium atom:
(1) The ground state of helium must have an antisymmetric spin configuration (singlet configurations).
(2) The excited states of helium must have a symmetric spin configuration (triplet configuration).
(3) If the helium atom has a symmetric spin configuration (triplet configuration), it is known as orthohelium.
A (Students who wrote an antisymmetric spin configuration received credit for this question.)
V. Choose all of the following statements that are true about the Helium atom:
(3) If the Helium atom has a symmetric spin configuration (triplet configuration), it is known as orthohelium. V. (open-ended quiz) The excited spatial states of a helium atom consist of one electron in the hydrogenic ground state and the other electron in an excited state, ψ nlm ðr 1 Þψ 100 ðr 2 Þ. Explain why you agree or disagree with the following statement: For the composite wave function for the excited states, the spin state of the electrons, χðs 1 ; s 2 Þ, must be symmetric.
(Students who disagreed with the statement received credit for this question regardless of the clarity of their explanation.)
VI. Cubes A and B with the same atom number density have N and 2N copper atoms, respectively. Choose all of the following statements that are correct.
(1) At temperature T ¼ 0 K, the Fermi energy of copper in cube B is larger than the Fermi energy of copper in cube A.
(2) At temperature T ¼ 0 K, the total energy of the valence electrons in cube B is larger than the total energy of the valence electrons in cube A.
(3) If we slowly compress the volume of cube A, the total energy of the valence electrons in cube A will increase.
A. 1 only B. 2 only C. 1 and 2 only D. 2 and 3 only E. all of the above (Note: Since statement 1 is false, only students who did not choose statement 1 were counted as correct when determining the POMP score.)
VI. (open-ended quiz) Cubes A and B with the same atom number density have N and 2N copper atoms, respectively. At temperature T ¼ 0 K, which cube has the higher Fermi energy?
(Students who said either that both cubes have the same Fermi energy or that the Fermi energy of cube B is NOT larger received credit for this question.)
VII. Cubes A and B with the same atom number density have N and 2N copper atoms, respectively. Choose all of the following statements that are correct.
(2) At temperature T ¼ 0 K, the total energy of the valence electrons in cube B is larger than the total energy of the valence electrons in cube A. (Students who said that cube B has the higher total energy received credit for this question.)
VIII. Cubes A and B with the same atom number density have N and 2N sodium atoms, respectively. Choose all of the following statements that are correct.
(1) At temperature T ¼ 0 K, the Fermi energy of sodium in cube B is larger than the Fermi energy of sodium in cube A.
(2) At temperature T ¼ 0 K, the total energy of the valence electrons in cube B is larger than the total energy of the valence electrons in cube A. (Students who said that the total energy will decrease as volume increases received credit for this question.)
IX. We have three noninteracting particles in a onedimensional infinite square well. The energy of the three particle system is E n 1 n 2 n 3 ¼ ðn 1 2 þ n 2 2 þ n 3 2 ÞE 0 , in which E 0 is the ground state energy for a single particle system. If the total energy is E ¼ 27E 0 and the particles are distinguishable, choose all of the following statements that are correct. Note: Three positive numbers, the sum of whose squares gives 27 are (1, 1, 5), (1, 5, 1) , (5, 1, 1) and (3, 3, 3) . Students were familiar with the notation.
(1) There are 4 distinct states of this many particle system with the energy E ¼ 27E 0 .
(2) If we randomly measure the energy of one particle when the total energy of the three particle system is 27E 0 , the probability of obtaining E 0 is 2=3.
(3) If we randomly measure the energy of one particle when the total energy of the three particle system is 27E 0 , the probability of obtaining E 0 is 1=2.
A (open-ended quiz) There are two non-interacting particles in a one-dimensional infinite square well. The total energy of the two particle system is E n 1 n 2 ¼ ðn 2 1 þ n 2 2 ÞE 0 , in which E 0 is the ground state energy for one particle. The total energy of the system is E ¼ 50E 0 . If the particles are distinguishable particles and you randomly measure the energy of one particle, what is the probability of measuring 25E 0 ? Note: Two positive numbers, the sum of whose squares gives 50, are (1, 7), (7, 1) , and (5, 5) .
(Students who said that the probability is 1=3 received credit for this question.)
X. We have three non-interacting particles in a onedimensional infinite square well. The total energy for the three particle system is E n 1 n 2 n 3 ¼ ðn 1 2 þ n 2 2 þ n 3 2 ÞE 0 , in which E 0 is the ground state energy for a single particle system. If the total energy is E ¼ 27E 0 and the particles are identical, choose all of the following statements that are correct. Note: Three positive numbers, the sum of whose squares gives 27 are (1, 1, 5), (1, 5, 1), (5, 1, 1) and (3, 3, 3) .
(1) The particles can be either bosons or fermions.
(2) If the particles are spinless bosons, there are 4 distinct states in this system.
(3) If the particles are bosons, when we measure the energy of one particle at random, the probability of obtaining 9E 0 is 1=2.
A. 2 only B. 3 only C. 1 and 2 only D. 1 and 3 only E. all of the above X. (open-ended quiz) There are two noninteracting particles in a one-dimensional infinite square well. The total energy of the two particle system is E n 1 n 2 ¼ ðn 2 1 þ n 2 2 ÞE 0 , in which E 0 is the ground state energy for one particle. The total energy of the system is E ¼ 50E 0 . If the particles are identical bosons and you randomly measure the energy of one particle, what is the probability of measuring 25E 0 ? Note: Two positive numbers, the sum of whose squares gives 50, are (1, 7), (7, 1) , and (5, 5) .
(Students who said that probability is 1/2 received credit for this question.)
XI. Suppose you have three particles and four distinct one-particle states ψ 1 ðxÞ, ψ 2 ðxÞ, ψ 3 ðxÞ, and ψ 4 ðxÞ. How many different three-particle states can you construct if the particles are fermions? XII. (open-ended quiz) Suppose that in an N dimensional vector space (N > 2), the energy spectrum of the unperturbed HamiltonianĤ 0 has a two-fold degeneracy. A perturbationĤ 0 acts on this system.Ĥ 0 andĤ 0 commute with each other. Consider the following statement: "If we choose a basis in whichĤ 0 is diagonal,Ĥ 0 MUST be diagonal in that basis." Explain why you agree or disagree with this statement.
(Students who disagreed with the statement received credit for this question.)
XIII. Suppose the unperturbed HamiltonianĤ 0 is two- (Students who either said that jai is not a "good" basis state or correctly described how they would find "good" basis states received credit for this comparison question.)
XV. Consider the
; where ε ≪ 1. The basis vectors for the matrix jai, jbi, and jci chosen in that order are the energy eigenstates of the unperturbed HamiltonianĤ 0 (ε ¼ 0). Choose all of the following statements that are correct.
(1) jai is a "good" state for the perturbationĤ 0 . (2) jci is a "good" state for the perturbationĤ 0 . (Students who either said that jci is a "good" basis state or correctly described how to find the other "good" basis states received credit for this comparison question.)
XVI 
APPENDIX B
This is a list of the seven questions for which students performed well enough on the ICT that they were not given as a GCT (which usually meant the score was generally greater than 75% on the ICT). The correct response for each question is in bold.
[1] Choose all of the following statements that are correct about the free electron gas model.
(1) The free electron gas model takes into account electron-electron repulsion.
(2) The free electron gas model ignores the charge of the free electrons.
(3) The "free electrons" in the free electron gas model refer to all of the electrons in each atom in the solid.
A. 1 only B. 2 only C. 1 and 2 only D. 2 and 3 only E. None of the above.
[2] Choose all of the following statements that are correct about the k-space for a free electron gas model in a three dimensional solid. (Students were familiar with the notation and convention used).
(1) In k space, each point (k x ; k y ; k z ) represents a wave vector.
(2) Because the momentum can be written as p ¼ ℏk, the k space can be treated as the momentum space.
(3) In k space, each single-particle state occupies a volume 1) The only way to make an insulator behave as a semiconductor is to dope it with a small amount of atoms that have a larger q than the insulator.
2) Doping an insulator with a few atoms of larger q than the insulator will put extra electrons into the next higher energy band.
3) Doping an insulator with a few atoms of smaller q than the insulator will create "holes" in the previously filled energy band.
A. 1 only B. 1 and 2 only C. 1 and 3 only D. 2 and 3 only E. All of the above [4] Choose all of the following statements that are correct about any configuration of a many-particle system (consisting of non-interacting particles) in thermal equilibrium:
1) It is a set of occupation numbers for all single-particle states.
2) The most probable configuration is the configuration with the maximum number of distinct many-particle states.
3) As the total number of particles gets large, the most probable configuration becomes so overwhelmingly probable that one can ignore other configurations.
A. 1 only B. 1 and 2 only C. 1 and 3 only D. 2 and 3 only E. All of the above [5] Suppose a bookcase has three shelves, and each shelf could contain a number of books. If we want to put 4 books randomly selected from 10 different books into this bookcase, how many ways can we do that?
A. Define G ¼ ln Q þ α½N − P ∞ n¼1 N n þ β½E − P ∞ n¼1 N n E n . Choose all of the following statements that are correct about maximizing QðN 1 ; N 2 ;N 3 ; …Þ.
1) If the particles are distinguishable, the most probable occupation numbers are N n ¼ 1 e ðαþβE n Þ þ1
.
2) The Lagrange multiplier α is related to the chemical potential as α ¼ −μðTÞ k B T .
3) The Lagrange multiplier β is related to the temperature as β ¼ 1) The Maxwell-Boltzmann distribution applies to distinguishable particles.
2) ε represents the energy of a single-particle state.
3) In the high temperature limit, Fermi-Dirac and BoseEinstein statistics reduce to the MBD.
A. 1 only B. 2 only C. 1 and 2 only D. 1 and 3 only E. All of the above
